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FERMAT CURVE

Let V = HY(L) and consider the Koszul Let F), : 27 4+ 25 + x5 = 0 be a Fermat curve defined over the algebraically closed field K
type complex: of characteristic p > 0. We ill work with the affine model F,, : 2™ 4+ y™ + 1 = 0, obtained by

ALY @ HO(La-1) TS APy @ HO(LY) 228 AP=1V @ HO(LaH) setting © = il and y = ﬂ

Our aim is the computation of] | A K-basisforV,, = H O(Fn, (0p ) is given by
dimy,(Tory (R, K)piq) = dimy,(—Z2e0 ) = . (Sx),

Imdpt1,q—1

where L = 2 x, X Fermat curve
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For every two elements e;, ;,, e;, i, define the edge from vertex (i1, j1) to vertex (ig, j2)

Let X C P9~! non hyperellyptic canonical

L= By 1 in e = E)ei, 5, —ms(L)ei j,
curve. Then the Betti table is given by Lgnsingge = ()€, ; ms(E)ei, . ;

connecting these two points.

)

) Y,

for two monomials ms(F), m:(FE) € k|x,y| such that (ms(F), ms(F)) = 1.
We observe that the linear combination

GV(Gil,jl) L mt(E(il,jl,iQ,jQ)) mt(

E
ev(eiz,jz) B mS(E(i17j17i27j2)) B mS(E

mt(E)eiQan _ mS(E)ethi GHV 0.

ki; =0, foralle < Clif f(X > 2. Lemma 1 Every dependence relation corresponds to a cycle in the graph.
€0,n—
€0,n— 1,n—4

Consider the kernel bundle M} given by
the exact sequence

0— M;, — HY(L)®, Ox — L — 0,

The wedge sequence implies

0— APMp — AP (HY(L) ®, Ox) = AP ML, @ L — 0

The interesting cases are ¢ = 1 and ¢ = 2.
Assume that ¢ = 1. Then we have the follow-
ing diagram with exact columns and rows
but not necessarily exact diagonal maps.

n—4,1

6%-4,0 ’I’L—?),O

) =¢ | We have calculated explicit formulas for dimy(H° (AP Mg, @Qx)) = h° (AP Mg, @Qx) = h,,
ALY . HO(AP Mo, @ Q) 0 for p:1/2 34
w\ 'hlz(g—l)(2)+3(n—3)+(2)
HY (AP Mo, ) HO(AP~1 Mg, @ Q22— APV @ HO(Q%) Tm/\p_zH()(MQX@Q%{) —
T o ha = (73)("5) + (g — Vst — ) + (=) — (50— 5) + (g~ D("3?) + s(n —6)
ML &) oV & i) o Iy — (ggl) (n;4) . (S (ggl) 4 (;) (g—1)+ (g)) (n—5)— ((s+1) (g—1+s)(n—06)— (s—§2) (n—
“ et 6+n—7))+(921)("26)+(9—1)8(n—7)+(§)(n—7)—(Sgl)(n—8)+(g—1)( 50)+s(n—9)
This gives us that * hy=(

T+ e (D () (n=6)+ ((EA) (g — D (n—8) = (*37) (n—9) — (%) (g —
) — (3(5) +2s(°5") +s(s — 1)+ (5)(n —8) + (= (*F1) (93"
—7)+s(°,)(n—1)

3 S s+1 o
Kp1=H(APMq, ® Qx)/ A\PT V. +3(3) + ("2 ) (g

Moreover _— "
where g = g(F),) = ( 21),5 — ( 22)
NPV @V NPV @V
Im5p 1 — — |
’ Ker((Sp,l) HO(/\pMQX X Qx)
thus e Give a combinatorial formula for 1] Marian Aprodu and Jan Nagel, Koszul
_ QAP Mg, ® Qx), for all cohomology and algebraic cohomolo
K. 1o=HYA P 1M O%2) /Tm(S WP (AP Mo« X ) &Y & &Y
p—1,2 ( Qx oY X )/ m( pal) 1 Sp S g_g (2010)
This allows us to compute e Calcul o . 2] David Eisenbud, The geometry of syzy-
t t Bett b : : :
K, 1] — [Kora] = —[APFIV] — [HO (AP Mo, @ Q52)] + APV @ HO(Q) alcuiate cquivariant - betth nUMDbELS gies. A second course in commutative

for Fermat Curve

algebra and algebraic geometry (2005)




