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Goorenstein homo?ogico! o(’gebm is the relative hmmo?ogica(

algebra based on Govenstein pvojective, Govensteim imjective and
Govensteim flat modules.

In clossicar homoPogtcaK aegebva evevy projective modufe <
flat.

Guestw'n Is the (Goss of vaemtem projective 'modw?es
contaumed in the cé’ass of &ovemtem f(at modu fes

In this talk , we consider the case where the base ving
S a group vimg.



Govemstein modufes : et R beqv‘im}_

A module M is Govensteim projective if it is o Syzyqgy of
am ocyclic comp(’ez

p’ ivn = P— Py — .
of projectives such that the compfex Hom (P.Q) is
acyclic #or every projective module Q.

A module M is Govenstein flat if it is o Syzygqy of
om ocyclic compfex
¥ = > Fin —F — Fioy — .-

of flats such that the compfex I@F is acyclic for
evevy injective modufe T.




A modufe M is Govenstein injective if it is a Syzygy of
am ocyclic compfex

L=-- —’Iiﬂ -"Ii — Ty — -

of injectives such that the compfex Howm (T,T) s
acyclic for every injective mocube 7T

A module M is projectively covesolvecl Govenstein flat
if it is a Syzygy of am ocyclic complex

P = =Piu —Pi o Piy > oo

of projectives such that the compfex IQFP is acyclic
fov every injective modufe T.




Pm‘jectjveej covesolved Govensieim Plat moelufes (PGF)
weve introduced by Saroch and Stovicek (2020)

They showed that every PGF modufe is Govensteim
pro‘jective.

Tt is cleor that every PGF mocdufe (s Govensteim flot.

GProj(R)  GFéat(R)

s

PGF(R)



Questiom: Is the cCoss of Govemstein projective modufes

contained in the class of Govenstein #at modutes !
o

Questiom: Is the closs of Govemstein projective modufes

equal to the cass of projectively covesolved Govenstein
ot modules ?

The questioms ave equivafemt !



A module M is weak Govenstein projective if it is o
Syzyqy of am ocyclic complex

P=->Py—oPio Pyo .

of projectaves.

A module M is weak Govenstein injective if it is a
Syzyqy of am ocyclic complex
I = oo —)IH_. _5:[. —_— Ii‘l s

of injectives.

A module M is weak Govenstein $lot if it is o
syzygy of am ocyclic complex

F = o Fin—=Fio Fiy o oo

of £lats.
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Then, P&F(R) = GProj (R) = WGTro;(R) = A

)

GFfat(R) = WGFlat(R) = B ancl

GIn;(R) = WaIn;(R) = C

Some move defimitioms

let R be o commutative ving and G be a group.

G is said to be of type P, if it has the
property that for evevy RG-moclue M :

" PdR&M (400 <= PdRHM <to0 ¥ H fimite 2 G "



Let B(6.R) be the RG- moclufe which consists of
all functions G— R whose image is a finite subset
of R. Them, am R6G-modufe M is calleel Bemsom's

cofibrant it M@BI(6.R) is a projective Ra-module.

A chavactevistic module for G over R is am
R-projective Ro-modue A with polg A <o,
which adlmits an R-split RG- imear momomovphism
t:R—A

A weak chavactevistic mocdule for G over R

1S an R-flat RG-modufe A with Folg, A <o,
which aolmits am R-puve RG-Cinear momomovphism
R — A

J



Krophoeer's hierarchy :

lLet X be any lass of groups. We defime HoX =X
and VY ovolinal mumber a>0 a group G befomgs
to HQX iff theve exists o fimite ofimensionae
contvactible CW -complex on which G acts such

that every isotvopy Subgmup of the action beCong s
to Hg X for some ordimal B<a. We say that o

group G belomngs to HX if£ 3 om ordimal a such
that G befongs to HaX. Moveover, we define a
qroup G to be in SHX iff aof #im‘teej genemted

Submups of G avre in HX.



F = T'-mh*c groups < (PR, < %(Mmr < }W(Mmr
SHF < LH®, € LH X, € SH X wenar

A vesu?t of R.Biswas (2021):

Llet R be a commutative ving of gldimR <+oo

and G be an LHF group or a group of type Px.
Then:

WGaPro;(RG) = GProj(RG) = CoF (RG)



(S.2024) [GF(RG)

[
oA

e PGF(RGK) V commutative ving R
Vv group G

I

Theowrem (S.2024) « ket R be & commutative \rc"ng

of gldimR <+oo
group of type Py

and G be an [HF group or a
Then:

W6aPro; (Ra) = GProj(RG) = (oF (R&) = PGF(RG)



We genem&‘se this result im two divections

» we velax the assumptions come\r"mfn@ the
ommuatative \rmg R

» we extemd ouv Stud.:’ to broadev cfosses of
%TOuPS

For this purpose, we introduced Gorenstein
amalogues of the clocs ok Bemsom's cofibramts.



Theovem 1 (S.2024) :

let R be a commutative ving such that sUR <+
and G be an [HXy,,, - gvoup.
Then :

1) N par = PGFIRG) = WGProj (RG) = GProj (RG) A

7

wheve  Ng par = { MeMod(RG) : M@BGR) € PGF(RA)]

. amd hence every Gorenstein projective |
: RG - modufe is Govemstein fat ! |



2) Xg Grar = WaFlat(RG) = GFat(R4) / |8,

where D(B artar = { MeMoARA) : HEBER eGFlat (RG]
Saroch and Stovidek (2020) PEF =(PaF, Part)
IS a compeete hevedctavt{ cotovsiom pcuv

Com@ar;[ 1 (S 202‘1)

Let R be a commutative ving such that sfliR_ < +oo
and G be an [HXy,,,, - gvoup. Then:

(GPro;(RG), GProj(R6)") is a complete heveditavy
cotovsiom poiv




Theorem 2 (S.2024) :
Let R be a commutative ving such that sp&’ R_ < +oo

oand G be an (HX,., - gvoup.
Then -

ya.canf WGIn;(R6) = GIn; (RAK) C

7

wheve ya'a‘h‘:‘ = { MeMod(R&) : Hom (B(G,R),M)e GIn; (R&)}




CoroEKch, 2 (5.2024) -

(1) Let R be a commutative ving Such that

sf£liR <+oo. Them K Govemsteim $latmess and
Gorensteim projectivity are cfosed umdev
subgroups that ave in~ LHX ey, -

(il) Let R be a commutative ving Such that
spliR < too. Them, Govemsteim injectivity
1S closed umdev subcyroups that ave in
LH¥* e -



Omne of the open problems in the avea asks whethev
the temsor pvoduct of Goremstein projective modufes
(vesp., Govenstein £€at modufes) is Gorensteim projective
(vecp., Govenstein £eat).

Simifavey, it is an open probfem whether the group of
homomo rphisme between a Govenctein projective amd
a Govenstein injective moedule is Govenstein injective.

The ?o&ow‘mg resufts ave crucial im ouv chavacteriza-
tioms in Theorems 1 amd 2 :



Theorem 1°(S.2034) :

let R be a commutative vimg such that sfliR_ < +oo
Q“d GL be an LH}WC.‘!OV - gmUP. Then ‘

1) For every (weak) Govenstein projective Ra-modube M
and every” RG-modufe N which is projective as R-mo-
dule, the RG-modufe MM is Govensteim projective.

W6Proj (RQ) @ Proj(R) € GProj (RG)

2) For every (weak) Gorenstein flat RG-module M and
every RG-modufe M which is {lat os R-module , the
RG-modufe M@V is Gorensteim flat.

WaFCat lRﬁ)@R Fat(R) € GFlat(RR)



Theorem 2/ (S.2034) :

let R be a commutative ving such that spliR <+oo
and G be on [HX,, . - gvoup.

Then, for every (weak) Gorenstein injective R&-modufe
M omd évery RG-modufe M which is projective as R -

module, the RG-modufe Hom,(N,M) is Goremsteim
imjective.

Hom, (Proj (R), WaImj(RG)) € GIm;(RG)



Useful tools for our 'proof&
> Transfinite imduction
> Tdeas from the work of Cormick and Krophotfer
> Our efegant estimates
* mox {GedpG, spliRY < spli(RG) ¢ GedaG + spliR
which yields the mice estimates

max{GcdpG, Gal.dimR} < Gl dim(RG) £ GedpG +Gal.dimR
(S.2024)



gefnem&' zimg in this Goremstein setting the
classical estimates of gl.dim(RG) :

max {cdpG, 9f.dimR?Y £ gl.dim(RR) £ cdpa + gl.dimR
o mox {GhdpG, s#iRY < sfli(RQ) ¢ Ghd,G + sEOiR
which yields the mice estimates

Max{Gholp G, Gwal.dim R} £ Gwal.dim(RG) £ GhdpG + Gwgl.dimR
(Kaperonis, S. 2025)
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