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Gorenstein homological algebra is the relative homological
algebra based on Govenstein projective , Govenstein injective and
Govenstein flat modules.

In classical homological algebra every projective module is
flat

.

Question: Is the class of Govenstein projective modules[S

contained in the class of Govenstein flat modules ?

In this talk
,
we consider the case where the base ving

is a group ring.



Govenstein modules : LetR bearing.

A module M is Govenstein projective if it is a syzygy of
an acyclic complex

0 =.. - > Pit -> Pi - Pit - ...

of projectives such that the complex Hom(0, Q) is
acyclic for every projective module Q.

A module M is Govenstein flat if it is a syzygy of

an acyclic complex
A =... - Fit -> Fi - Fi+ - ...

of flats such that the complex IXF is acyclic for

every injective module I.



A module M is Govenstein injective if it is a syzygy of
an acyclic complex

# =.. - > [it- [i -> In+ - ...

of injectives such that the complex Hom(5,1) is
acyclic for every injective module

J

.

A module M is projectively coresolved Govenstein flat
if it is a syzygy of an acyclic complex

0 =... ->Pit -Pi - Pit - ...

of projectives such that the complex IXO is acyclic
for every injective module I.



Projectively coresolved Govenstein flat modules (PGF)
were introduced boy Saroch and Stovicek (2020)

They showed that every PGF module is Govenstein
projective.

It is clear that every PGF module is Govenstein flat.

GProj(R) GFlatIR)
M 1

C

PGF(R)



Question: Is the class of Govenstein projective modules[S

contained in the class of Govenstein flat modules ?

Question: Is the class of Govenstein projective modules

equal to the class of projectively covesolved Govenstein
flat modules ?

The questions are equivalent !



A module M is weak Govenstein projective if it is a

syzygy of an acyclic complex
0 =.. - > Pit -> Pi - Pit - ...

of projectives.

A module M is weak Govenstein injective if it is a

syzygy of an acyclic complex
I =... - [it- [i - In - ...

of injectives.

A module M is weak Govenstein flat if it is a

syzygy of an acyclic complex

A =... - Fit -> Fi - Fi+ - ...
of flats.
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Similarly,
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Then
,
PGFIR) = GProjIR) = WGProjIR) = A ,

GFlatIR) = WGFlatIR) = B and

GInj (M) = WGInjIR) = 2

Some more definitions :

LetRbe a commutative ring and G be a group.

G is said to be of typeI if it has the
property that for every RG-module M :

" paraM <too pdrM(too H finite G "



Let BIG ,
R) be the RG-module which consists of

all functions G-R whose image is a finite subset
of R

.
Then

, an RG-module M is called Benson's
cofibrant if MXBIG ,R) is a projective RG-module.

A characteristic module for G over R is an

R-projective RG-module A with paraA < too
,

which admits an R-split RG-linear monomorphism
i : R-> A

A weak characteristic module for G over R
is an R-flat RG-module A with FaraA < too

,

which admits an R-pure RG-linear monomorphism
j : R-> A



Kropholler's hierarchy :

Let X be any class of groups. We define HoX :
=X

andFordinal number 210 a group G belongs
to HaX iff there exists a finite dimensional
contractible CW-complex on which Gacts such
that every isotropy subgroup of the action belongs
to HeX for some ordinal 81. . We say that a

group G belongs to HX iff I an ordinal a such
that G belongs to HaX .

Moreover
,
we define a

group G to be in SHX iff all finitely generated
subroups of G are in HX .



F = Finite groups = Pr = Achar = Auchar

CHF = CHO = CHAchar = CHXwchav

A result of R . Biswas (2021) :

Let R be a commutative ring of gedimR(too
and G be an LHF grouy or a group of type Pr.
Then :

WGProjIRG) = GProjIRG) = CoFIRG)



IS. 2024) CoFIRG) = PGFIRG) - commutative ring R
- group G

et

Theorem (S .2024) : Let R be a commutative ring
of ge.dimR(too and G be an LHF grouy or a

group of type Pr . Then :

WGProjIRG) = GProjIRG) = CoFIRG) = PGFIRG)



We generalise this result in two directions :

· we relax the assumptions concerning the
commutative ring R

· we extend our study to broader classes of
groups

For this purpose , we introduced Govenstein

analogues of the class of Benson's cofiorants·



Theorem 1 (S. 2024) :

Let R be a commutative ring such that sflir too
and G be an [HAwchar-group.
Then :

1) XBPGF = PGFIRG) = WGProj(RG) = GProjIRG) et

where XB
,Par

= [MeMod(RG) : MXBIG ,
R) EPGFRGY

and hence every Govenstein projective
RG-module is Govenstein flat ?



2) XB
,
GFlat

= WGFlatIRG) = GFlatIRG) B

where XB
,Great

= [MeMod(RG) : MXBIG ,
R) EGFlat(RGY

Saroch and Storiek (20201 : 1565 = /PGF,PGF
is a complete hereditary cotorsion pair.

Corollary 1 (S . 2024) :
Let R be a commutative ring such that sflir too
and G be an [HAwchar-group. Then :

(GProjIRG)
, GProjIRGlt) is a complete hereditary

cotorsion pair



Theorem 2 (S. 2024) :

Let R be a commutative ring such that sylip too
and G be an [HXchar-group.
Then :

YB
,GIn; = WGIn; (RG)

= GInj(RG) 2

where YB
,Gin; = [MeMod(RG) : Hom(BIG ,

R)
,M)EGln; (RGlY



Corollary 2(5. 2024) :

(i) Let R be a commutative ring such that
sfliR < too. Then

,
Govenstein flatness and

Govenstein projectivity are closed under
subgroups that are in CHAwchar.

(ii) Let R be a commutative ring such that

spliR < too. Then , Govenstein injectivity
is closed under subgroups that are in
SHAchar



One of the open problems in the area asks whether
the tensor product of Govenstein projective modules
cresp., Govenstein flat modules) is Govenstein projective
cresp., Govenstein feat) .

Similarly , it is an open problem whether the group of
homomorphisms between a Govenstein projective and
a Govenstein injective module is Govenstein injective.

The following results are crucial in our characteriza-
tions in Theorems 1 and 2 :



Theorem 1'(S. 2024) :

Let R be a commutative ring such that sflir too
and G be an [HAwchar-group. Then :

1) For every (weak) Govenstein projective RG-module M
and every RG-module N which is projective as R-Mo-
dule

,
the RG-module My N is Gorenstein projective.R

WGProj(RG) XProjIR) = GProjIRG)

2) For every (weak) Govenstein flat RG-module M and

every RG-module N which is flat as R-module , the
RG-module My N is Govenstein flat.

R

WGFlat(RG) <FlatIR) = GFlat(RG)



Theorem 2 (S. 2024) :

Let R be a commutative ring such that split too
and G be an CHXchar-group.
Then

,
for every (weak) Govenstein injective RG-module

M and every RG-module N which is projective as R-
module

,
the RG-module Home /N ,M) is Gorenstein

injective .

Homp(ProjIR), WGInj(RG)) <GInj(RG)



Useful tools for our proofs :
· Transfinite induction

· Ideas from the work of Cornick and Kropholler
·Our elegant estimates :

max EGcdrG , spliR3spli(RG) = GedrG + spliR

which yields the nice estimates

max[GcdrG, Ggl .dimR]Ggl .dim(RG) = GcdrG +Ggl .dimR

(S . 2024)



generalizing in this Govenstein setting the
classical estimates of gl.dim(RG) :

max[cdrG , gl .dimR3 = gl . dim(RG) = cdrG + gl.dimR

max EGhdrG , stiR3sfli(RG) = GhdrG + stliR

which yields the nice estimates

max[GhdrG,Gwgl .dimR]Gwgl .dim(RG) GhdrG +Gugl .dimR

(Kaperonis , S . 2025)
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