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(Joint work with M
.Maliakas

Let 1K be a field of characteristic zero.

Definition : A Lie algebra of the n-th kind (LAnke
or Filippor algebra) is a lK-rector space 2 equipped
with an n-linear bracket [-

,
-

.....
- 1 : 2 -> 2

such that FX
.
Xz,....Xn , X1 ,ye , . . .

, yn-1 ES

1) [XI
,
X2

, . . ..Xn] = Sign (6) · [xoul . X6(2) , ....Xon] VGEGn

2) Generalized Jacobi Identity
EX

,
X2

, . . .,
XM]

, Y1 ,Ya , . . ., yn =1)

->IXX2 ,
....EYya ...Yn]Xit ..X

Mobile User



examples :

[[X1
.
X2]

.Y 1] = [Ex1
,y 1) ,
X2] + [X

,
[X 2

,Y ,]] In=el

[EX1
,
X 2

. X 3]
, Y1 ,Y2] = [IX

.Y1 ,Y2] ,
X 2

,X3] +

↑ [X1
,
[X 2

,X 1 ,ya] ,
X3] + [x

,
X2

,
[X 3

,Xi , y 2]] In = 3)

Clearly ahie algebra of the 2-kind is an
ordinary Le algebra.

Filippor algebras were found independently
by mathematicians and physicists (more than
once since Filippor 1986)



Definition : The free lanke on a set X is a LAnke
& together with amap i :X-2 such that if

7 : X+ I' is a may ,
where L'is a Lanke

,
then

there is a unique LAnke homomorphism
F : 2 -> 2 such that f = Foi

.

Free LAnkes on X are isomorphic. X
:
L
b

f F

For n=2
,
the free LAnke is the gir

free Lie algebra .



We study the action of the symmetric group Gm on
the multilinear component of free LAnke.

Definition: The multilinear component Lie(m) of

the free LAnke on [mI : = 2
,2 , ....my is spanned by the

bracketed words on [m] in which each i appears
exactly once.

Each bracketed word has the same number of brackets,

say K ,
and m = (n-11 . k+ 1.



For example ,
the bracketed permutations

[[1
,2 ,
3)

,
4

.
51

,
[21

.
2

,
41

,
3

,
51

,
[[1

,
2

,
51

,
3

,
41

,
[11

,
3

,
41

,
2

,
31

,

[[1
,
3

,
51

,
2

,
4]

,
[T1

,
4

,
5]

,
2

,
31

,
[72

,
3

,
41

,
1

,
5]

,
[12

,
3

,
51

,
1

,
4]
,

[[2
,
4

,
5)

,
1

,
31

,
[13

,
4

,
51

,
1
,
21

span the vector space Lie, (5).

GJl : [[1 ,2 ,
3)

,
4

,
37 = [11

,
4

,
3)

,
2

,
31 + [1 ,

[2
,
4

,
57

, 31 + [1 ,
2,3,

4
,51]

= [[1 ,4,
5)

,
2

,
3) - [[2,4,

5)
,

1
,
3) + [23,

4
,
5)

,
1
,
2]



examples :

n =2
,
k=4

,
m= 5 [[[1

,
21

,
[3

,
471

,
5 I

n=3
,
k= 4

,
m = 9 [11

,
2

,
3)

,
[54

,
5

,
63

,
7

,
81

,
91

n =5
,
k= 3

,
m = 13 [[[1

.2 ,
3

,
4

,
5)

,
6

,
7

,
8

,
91

,
10

,
11

,
12

,
13]

nested bracketed word

n =4
,
k=5

,
m = 16 [[1

,
2

,
3

,
4)

,
[5

,
6

,
7

,
8]

,
19

,
10

,
11

,
12]

,
[13

,
14

,
15

,
16 1 I

We consider the action of Em on Lie,(m) given by

replacing i by Glis in each bracketed word and
denote the corresponding representation by On , K.



Theorem: Every bracketed word is a linear combination-of nested bracketed words [FMW]

Leta be a partition of m and s" the corresponding

Specht module of the symmetric group Gm.

[S11+m3 = complete set of inequivalent
irreducible representations of Gm

e. siml = trivial representation ...11

g(1 . 1 . .... /l
= sign representation



Friedmann
,
Hanlon

, Stanley and Wachs 12021) showed that

Theorem 1 : One Smin-11 >2 [FHSW]

I
...

(n ,n-1) =
- =:: = (2n-1

, 1)

They stated without proof that

Theorem 2 : Quiz e Sinn-tin-1)' + ginti
,n-1 ,-21/

[MS]
,
[FHW]



I

(n,m-1
,
n-1.
..

=:: = (3n-1
, 1)=

-

-

untn- 1,n -x = i)= : = (3-
,
2

,
12

Maliakas and S
.
12024-2025) [MS] gave the first published

proof of Theorem 2 , using polynomial representations
of GLy(k) and algebraic combinatories of semistandard
tableaux

.



&What was known about-
· The case n =2

, by Kraskiewicz and Weyman
(2001)

Let i and m relative prime and X a partition ofm.

The multiplicity of the irreducible representation
indexed by 1 in the free Lie algebra on i generators
is equal to the number of standard Young tableaux
of shape X and of major index congruent to immodm).

Definition : In a standardYoung tableau ,
the integer

K is a descent if K+ 1 appears in a row strictly below
K

.
The sum of the descents is called the major index

of the tableau
.



examples :

1) i = 3
,
m = 4 and X = (2

,
12 =

Standard 12 1314

Young 3 i atableaux

major index 2+3 1+3 1 +2 = 3(mod4)

X X -

2) i = 3
,
m = 4 and X = (2

,
2) =



Standard
I 2

Young 3 4 ·
tableaux

major index 2 1+3

X X

· The case K =2
, by Friedmann ,

Hanlon
, Stanley

and Wachs (2021)

Prize Slav dimpne=) the n-th Catalan

number



N
K I 2 3

I

4

2 12 21 31 + 212 41+32+ 319+2%+213

42 + 432+4312+42%3 I 13 221 32 + 3212
+ 4213 + 323 + 32 ,3

414 931 331 +322,2 ?

: % % ?

1 Inghy zhy + zn-2912 ?
-

1

X T T ↳sign
-

Theorem I Theorem 2
&
[MS]

,

representation [FHSW] [M.S]
,
[FHW] [FHW]



K

I -·
4

↑ %

-

·

=>

=>

=>

-J

I & ⑳
I
-

X T T T
sign Theorem I Theorem 2

&
[MS]

,

representation [FHSW] [M.S]
,
[FHW] [FHW]



↓↑ %

-

4

·

=>

=>

=>

-

I & ⑳
I
-

X T T T
sign Theorem I Theorem 2

&
[MS]

,

representation [FHSW] [M.S]
,
[FHW] [FHW]



Main open problem : The decomposition of On ,K

into a sum of irreducible representations En
, K.

Main result for Schur modules :

Theorem (Maliakas-S.
) : Let N >3n-2 .

Then
,
the

cokernel of the mayAU+2+53 : N(x) + n(x) + N(v) = n(X)

is isomorphic to L+L as GLy(k)-modules.

X = (n
,
n- 1

,n
- 1)

, M = (n+ 1
,
n- 1

,
u-2)

,
V = (n

,n ,
n-2)



L = the irreducible polynomial representation of

corresponding to a partition X of m.

[herm) =
complete set of inequivalent
irreducible polynomial
representations of weight m

example : ( = N
, Ly = Sa



Our proof is based on combinatorics of seristandard
tableaux .

Setup for our proof for K= 3 :

We find a presentation ofOn.3 with generators and

relations using the Generalised Jacobi Identity .

On ,3
is generated by the nested brackets

[[IX1
,
Xa

,
. ....
XnI

, y 1 ,Ya ,
. . .. yn-I , Zi , 22, ....

In-iI



Let M= (x) where X = (n ,
n-1 , n-1).

We define the following GL-maps M U.

M

1... 11 1 2 .. 2 2
M 22

42 ... 2 + 1-11 1. 0 - /

3... 3 3... 3

1... 11 23 .. 33
Ve 2... 2+ + 1- 1) 12· 2

3... 3 2... 2 11001

(Applying the GJI twice



Relations im Lien(m)

[[[X1
, . ...Xn] , y1 , . . ., Yn-1) , 21 , .... 2n-1]- (R1)

xiye , ...Y ,X . . ., ...Xn...

[[[X1
, . ...Xn] , y1 , . . ., Yn-1) , 21 , .... 2n-1]- (R2)

[[[X1
, . ...Xn] ,

2 , , . ...
In-1]

, Y1 , ..., yn- 11-

2 ... Im , Xj , Y, ... .Ye

X1, . .., , . .. Xn] = 0



We define also the GL-map Us : N(V1 -> M=()

1... 11 2... 22

27 23 .. 3 + 1-1 3 .. 3
3

2. .. . 2 1000 /

The reason we consider the may U3 is due to the

specific relation of Lien (m) :

n

2[t[xi
,

.. ..
Xn]

, Yi ,
Zi

, . . ..
Zu-2]

,y 1 , . . .. Yi , .... Yn]
i= 1

+ Zy, ...Yn] ,
Xi

,
2, .... In-2]

,
X

,
.... i ...., xn] = 0



↑ (1) 214,2) 3 1413) now semistandard

S = (Kal 2(922) z (923) tableau of shape

1 (31) 21432) 3(433) M
= (M1 ,M2 ,Mz) en

+
13

,
r)

and weight
Cil + Liz + Liz = Mi

= (1
,
42

, (3) en13 ,
V)

&i + Xzi + &zi = Li

Ps : n(x) = N(G
,
G2

, &3)
DixDzXA3

a

& la
,
221

,
231) x N/di2

,
[22

,
932) x (213

,
[23

, 233) =

N(x11
,
212

, [13) x NIde ,
422

, 423) x 1
. (X31

,
&32

,
[33)

m, xmxms, (M .Ms , M3) = R(M)



The Schur Functor: is a functor f from the cate-

gory of homogeneous polynomial representations
of GLwIK) of degree m to the category of left Gm
modules. For Man object in the first category,
f(M) is the weight subspace My where <= /1 m ON-m)

and for 0 : M-N a morphism in the first category
f(0) is the restriction Ma > Na.

examples : FI) = S"and fin = Mr
the space of
column tabloids



The functor f is exact.

Since charlk = 0
,
7 is a category equivalence.

We show that #Coker(81 + 82+ 231) =In .3

Main Theorem [Ms] SI

f(x) + f((u)
Il

S+ gM



Ideally ,
we want a spectral analysis of the

operators U , U2 and 23. But it suffices to

find the irreducible summands of M = N(X) with

eigenvalue 0 .
We do this with combinatories of

semistandar tableaux. There are exactly two

summands with the above property ,
so that

coker (2 + (2 + (3) = La + Lu



We show that :

1) both L and Ly appear with multiplicity
one in coker (2 ++2+(3)

2) Fr+ X ,M the multiplicity of Lv in coker(r+2+3)

is zero

Definition : Let W be the Gm-module generated

by the nested bracketed words :

[IIX1
, . ..,
Xn]

,y1, . ..,n-1] ,
Z1

, .... In]



Corollary : For m = 3 . (n-11 + 1 and 12 we have

Lien(m) = W span((R1) , (R21)
as Gm-modules.
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