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1. Introduction

In some respects, deformation theory is as old as algebraic geometry itself. This historical rootedness stems
from the fact that any algebro-geometric object can be “deformed” by simply varying the coefficients of its
defining equations. While classical geometers were certainly aware of this phenomenon, achieving a rigorous
understanding of what it means to “deform” an object leads into some of the most technically challenging areas
of the discipline.

More specifically, deformation theory serves as a formalization of the Kodaira, Nirenberg, Spencer, and
Kuranishi (KNSK) approach. The analytic deformation theory of complex structures was developed by Kodaira
and Spencer [33, 34] and completed by Kuranishi [45], using elliptic methods introduced by Nirenberg [54].

The fundamental ideas of this theory are clearly outlined in the series of Bourbaki seminar exposés by
Grothendieck, collectively known as “Fondements de la Géométrie Algébrique”, [20] which formalized and
translated the KNSK approach into the language of schemes.

1.1. TheKodaira-Nirenberg-Kuranishi Approach toDeformationTheory. The deformation theory of com-
plex manifolds and complex structures was profoundly shaped by the work of Kodaira, Spencer, Nirenberg, and
Kuranishi in the 1950s and 1960s. Their analytic approach provides a local description of the moduli space of
complex structures on a fixed differentiable manifold, revealing it as the zero locus of a nonlinear analytic map
between finite-dimensional complex vector spaces.

Let X be a compact complex manifold, and letM denote the underlying smooth manifold. A deformation
of the complex structure on X is a smooth family of complex structures on M , parametrized by a germ of a
complex space (S, 0), such that the fiber over 0 is biholomorphic toX . The central goal of deformation theory is
to describe such deformations up to biholomorphism and to understand the local structure of the corresponding
moduli space.

The Kodaira-Nirenberg-Kuranishi theory begins by expressing complex structures in analytic terms. A com-
plex structure onM is determined by a decomposition of the complexified tangent bundle

TM ⊗R C = T 1,0 ⊕ T 0,1,

or equivalently by a ∂̄-operator acting on smooth functions. Small deformations of the complex structure are
described by perturbations of this operator, which may be identified with (0, 1)-forms with values in the holo-
morphic tangent bundle,

ϕ ∈ A0,1(X,TX).

The integrability of a perturbed almost complex structure is governed by the Maurer-Cartan equation
∂̄ϕ+ 1

2 [ϕ, ϕ] = 0,

where the bracket is induced by the Lie bracket of vector fields. This equation encodes the vanishing of the
Nijenhuis tensor and ensures that the deformed structure defines a genuine complex manifold.

A fundamental result of Kodaira and Spencer identifies the space of infinitesimal deformations of X with
the Dolbeault cohomology group

H1(X,TX),

while obstructions to extending infinitesimal deformations to higher order lie in
H2(X,TX).

Thus, the deformation problem acquires a cohomological interpretation, with explicit tangent and obstruction
spaces.
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The analytic core of the theory is due to Nirenberg and Kuranishi. Using elliptic operator theory and the
implicit function theorem, they showed that the infinite-dimensional Maurer-Cartan equation can be reduced to
a finite-dimensional problem. After fixing a Hermitian metric on X and imposing a suitable gauge condition,
one constructs a finite-dimensional complex analytic space, called the Kuranishi space, which parametrizes
small deformations of the complex structure onX .

More precisely, there exists a holomorphic map, the Kuranishi map,
κ : H1(X,TX) −→ H2(X,TX),

such that the Kuranishi space is locally isomorphic to the zero locus κ−1(0). This space enjoys a universal
property: any sufficiently small deformation of X is induced by a unique morphism from its base space to the
Kuranishi space.

In particular, when the obstruction space H2(X,TX) vanishes, the Kuranishi space is smooth, and its di-
mension equals dimH1(X,TX). In this unobstructed case, the Kuranishi space provides a local analytic model
for the moduli space of complex structures near X . Especially, when X is a nonsingular curve then the 2-
cohomology H2(X,TX) vanishes.

The Kodaira-Nirenberg-Kuranishi approach thus furnishes a powerful analytic framework for deformation
theory, synthesizing techniques from complex analysis, differential geometry, and cohomology. It has served as
a foundational paradigm for numerous later developments, including the deformation theory of vector bundles,
complex analytic spaces, and algebraic varieties, and continues to play a central role in the study of moduli
problems in geometry.

2. Schlessinger’s Approach to Deformation Theory

Schlessinger’s approach to deformation theory provides an abstract and functorial framework for studying
infinitesimal and formal deformations of algebraic and geometric objects. Introduced in [65], this theory axiom-
atizes deformation problems in terms of covariant functors on categories of Artinian local rings and establishes
precise criteria for the existence of versal and pro-representable deformation spaces.

2.1. The category of Artin rings. Let k be a field and let C denote the category whose objects are local
Artinian k-algebras Γ with residue field k, and whose morphisms are local k-algebra homomorphisms inducing
the identity on the residue field. We write mΓ for the maximal ideal of Γ.

A small extension in C is a short exact sequence

(2.1) 0 −→ I −→ Γ′ −→ Γ −→ 0

such that I ·mΓ′ = 0. In this case, I is naturally a finite-dimensional k-vector space.

2.2. Deformation functors. A deformation functor is a covariant functor
D : C −→ Sets

satisfyingD(k) is a singleton. For each Γ ∈ C, the set D(Γ) parametrizes equivalence classes of deformations
of a fixed object over Spec(Γ).

The functoriality of D encodes base change for deformations. Given a morphism Γ′ → Γ in C, the induced
map D(Γ′) → D(Γ) corresponds to restriction of deformations.

2.3. Infinitesimal deformations. The vector space
tD := D

(
k[ϵ]/(ϵ2)

)
is called the tangent space of the deformation functor D. It represents first-order infinitesimal deformations.
In geometric examples, this space often admits a cohomological description, for instance as H1(X,TX) for
deformations of a smooth varietyX .

2.4. Schlessinger’s conditions. Schlessinger introduced four conditions, denoted (H1)-(H4), which control
the behavior of a deformation functor with respect to fiber products in C.

Let Γ′,Γ′′ → Γ be morphisms in C. There is a natural map

D(Γ′ ×Γ Γ′′) −→ D(Γ′)×D(Γ) D(Γ′′).

• (H1) This map is surjective when Γ′′ → Γ is a small extension.
• (H2) The map is bijective when Γ = k and Γ′′ = k[ϵ]/(ϵ2).
• (H3) The tangent space tD is finite dimensional over k.
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• (H4) The map is bijective for all small extensions Γ′′ → Γ.
These conditions encode the existence and uniqueness properties of liftings of deformations across small

extensions.

2.5. Pro-representability and versal deformations. A deformation functorD is said to be pro-representable
if there exists a complete local Noetherian k-algebra R with residue field k such that

D(Γ) ∼= Homcont(R,Γ)

for all Γ ∈ C.
Schlessinger proved that D is pro-representable if and only if it satisfies conditions (H1)-(H4). If only

(H1)-(H3) hold, then D admits a versal deformation, represented by a formally smooth morphism from a pro-
representable functor.

2.6. Obstructions. Given a small extension as in (2.1) and an element x ∈ D(Γ), the problem of lifting x
to an element of D(Γ′) is governed by an obstruction lying in a finite-dimensional k-vector space, called the
obstruction space. In many geometric situations, this space can be identified with a second cohomology group,
such as H2(X,TX).

Schlessinger’s framework thus isolates the formal properties of deformation theory and provides a unified
language encompassing deformations of schemes, complex structures, representations, and many other alge-
braic objects.

3. Deformation Theory of curves with automorphismns

The deformation theory of curves with automorphisms serves as a significant generalization of classical
curve deformation theory. It is intimately linked to the lifting problem, as liftings from characteristic p > 0 to
characteristic zero can be framed in terms of sequences of local Artin rings.

Following Schlessinger’s framework, Bertin and Mézard [4] introduced the global deformation functorDgl,
analyzing it through the lens of Grothendieck’s equivariant cohomology theory [19]. Within Schlessinger’s
approach, the primary objectives are to identify the tangent space of the deformation functor Dgl(k[ϵ]) and
to determine the potential obstructions to lifting a deformation over a local Artin ring Γ to a small extension
Γ′ → Γ.

Let Λ be a complete local Noetherian ring with residue field k, where k is an algebraically closed field of
characteristic p ≥ 0. Let C denote the category of local ArtinΛ-algebras with residue field k, whose morphisms
are local Λ-algebra homomorphisms

ϕ : Γ′ → Γ

satisfying ϕ−1(mΓ) = mΓ′ .
The deformation functor of curves with automorphisms is a functor

Dgl : C −→ Sets, Γ 7−→

 Equivalence classes
of deformations of
pairs (X,G) over Γ

 ,

defined as follows.
Let G be a subgroup of the automorphism group Aut(X). A deformation of the pair (X,G) over a local

Artin ring Γ consists of a proper and smooth family of curves

XΓ −→ Spec(Γ),

together with a group homomorphism
G −→ AutΓ(XΓ),

such that there exists a G-equivariant isomorphism

ϕ : XΓ ⊗Spec(Γ) Spec(k) −→ X

between the special fibre of the family and the original curveX .
Two deformations X1

Γ and X2
Γ of (X,G) over Γ are said to be equivalent if there exists a G-equivariant

isomorphism
ψ : X1

Γ −→ X2
Γ
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which restricts to the identity on the special fibre and makes the following diagram commute:

X1
Γ

ψ //

&&MM
MMM

MMM
X2

Γ

xxqqq
qqq

qq

Spec(Γ)

Given a small extension of local Artin rings
(3.1) 0 −→ E · k −→ Γ′ −→ Γ −→ 0,

and an element x ∈ Dgl(Γ), the set of lifts
x′ ∈ Dgl(Γ

′)

extending x is a principal homogeneous space under the action ofDgl(k[ϵ]). Moreover, such a lift exists if and
only if a certain obstruction vanishes.

Consider a non-singular complete algebraic curve X over an algebraically closed field k of characteristic
p > 0. The tangent space of the global deformation functorDgl(k[ϵ]) is identified with the equivariant cohomol-
ogy group H1(G,X, TX), which coincides with the invariant spaceH1(X, TX)G. Furthermore, a local-global
theorem exists, characterized by the following short exact sequence:

(3.2) 0 // H1(X/G, πG∗ (TX)) // H1(G,X, TX) // H0(X/G,R1πG∗ (TX))

∼ =��

// 0

r⊕
i=1

H1
(
Gxi , T̂X,xi

)
The lifting obstruction is an element ofH2(G,X, TX), which decomposes into a direct sum of local cohomology
groups H2(Gxi , T̂X,xi) associated with the ramified points xi ∈ X:

H2(G, TC) ∼=
r⊕
i=0

H2(Gxi , T̂C,xi).

Here, Gxi represents the isotropy groups and T̂X,xi = k[[ti]]
d
dti

denotes the completed local tangent spaces.
Bertin and Mézard demonstrated that computing these global obstructions can be reduced to the infinitesimal
lifting of representations of Gxi into the group of continuous automorphisms Aut(k[[t]]).

3.1. Comparison with the deformation theory of singular curves: the Bertin-Mézard local-global ap-
proach. The deformation theory of smooth curves with automorphisms exhibits striking formal similarities
with the deformation theory of singular curves. These similarities become particularly transparent when viewed
through the local-global construction developed by Bertin and Mézard [4], which decomposes the global defor-
mation problem into local deformation problems together with a global compatibility condition.
Local deformation data. Let X be a smooth projective curve over an algebraically closed field k, and let
G ⊂ Aut(X) be a finite group. In the deformation theory of singular curves, the local deformation theory
is controlled by the singular points of the curve: for a singular point p ∈ X , infinitesimal deformations are
governed by the local module

T 1
p = Ext1OX,p

(ΩX,p,OX,p),

which measures the space of first-order smoothings of the singularity.
In contrast, when X is smooth but equipped with a group action, the role of singular points is played by

the ramification points of the G-action. For each point P ∈ X with nontrivial inertia group GP , Bertin and
Mézard associate a local deformation functorDP , parametrizingGP -equivariant deformations of the action on
the completed local ring ÔX,P . In positive characteristic, these local deformation problems are often highly
nontrivial, reflecting the presence of wild ramification.
Global deformation data. In both theories, the local deformation data does not suffice to determine a global
deformation. For singular curves, onemust glue local smoothings of singularities to deformations of the normal-
ization. Similarly, in the Bertin-Mézard framework, local deformations of inertia actions must be compatible
with a global deformation of the quotient curve

Y = X/G.
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This local-global structure is reflected in an exact sequence of tangent spaces relating the global deformation
functor Dgl to its local counterparts:

0 −→ H1(X,TX)
G −→ Dgl(k[ε]) −→

⊕
P∈X

DP (k[ε]),

where the sum runs over the ramification points of the G-action. This sequence is formally analogous to the
local-global exact sequences appearing in the deformation theory of singular curves.

Obstructions. The analogy persists at the level of obstruction theory. For singular curves, obstructions arise
when local smoothings fail to glue globally and are measured by higher Ext-groups such as Ext2(ΩX ,OX). In
the equivariant setting, obstructions arise when local lifts of inertia actions cannot be assembled into a global
G-action on a deformation ofX . These obstructions are typically governed by equivariant cohomology groups,
often expressible in terms of group cohomology

H2(G, T ),

for suitable sheaves of derivations T .

Conceptual interpretation. From this perspective, a smooth curve with automorphisms behaves like a curve
with stacky or orbifold singularities. Although the curve X itself is nonsingular, the quotient X/G carries
orbifold points whose deformation theory closely resembles that of genuine singularities. The Bertin-Mézard
local-global construction makes this analogy precise, placing the deformation theory of curves with automor-
phisms and that of singular curves within a common conceptual framework.

In summary, singularities and automorphisms both localize deformation problems. Singular curves acquire
deformation directions from local geometric smoothing, whereas curves with automorphisms are constrained
by local equivariant data. In both cases, the global deformation theory is governed by the success or failure of
gluing local deformation data into a coherent global object.

4. The tangent space to the global deformation functor

According to [4], the tangent space can be decomposed into local and global contributions, using the low
terms sequence corresponding to the composition of global sections and group invariants:

0 → H1(X/G, πG∗ (TX)) → H1(X,G, TX) → H0(X/G,R1πG∗ (TX)) → 0

• Global Contribution: The dimension of the space of deformations that are locally trivial is given by the
Riemann-Roch formula on the quotient curve Y = X/G:

dimkH
1(Y, πG∗ (TX)) = 3gY − 3 +

r∑
µ=1

[ nµ∑
i=0

e
(µ)
i − 1

e
(µ)
0

]
,

where gY is the genus of Y and e(µ)i are the orders of the higher ramification groups at the ramification points
bµ.

• Local Contribution: The local contribution equals

H0(C/G,R1πG∗ (TC)) ∼=
r⊕
i=1

H1(Gxi , T̂C,xi),

where each summand corresponds to ordinary group cohomology of the groups Gxi . These ramification
groups are solvable and one can proceed step by step, using Lyndon-Hochschild-Serre spectral sequence in
order to reduce the computation to elementary abelian groups, which can be handled using Artin-Schreier
extensions [37]. Unfortunately the kernel of the transgression is difficult to compute so we can only end to
an inequality:

dimkH
1(G1, T0) ≤

f∑
i=1

dimkH
1(Gti/Gti−1 , T

Gti−1

0 )

In [37] the following cases are computed as examples:
• Fermat Curves: For the Fermat curve x1+p0 + x1+p1 + x1+p2 = 0, the author proves that the tangent space
is zero-dimensional (dimkH

1(X,G, TX) = 0), implying the curve is rigid with respect to its maximal auto-
morphism group.
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• Ordinary Curves: The results recover the previous dimension formulas established by Cornelissen and Kato
[12] for ordinary curves.

• Lehr-Matignon Curves: Bounds are provided for the dimension of deformations of Lehr-Matignon [47]
curves

yp − y =
m−1∑
i=0

tix
1+pi + x1+p

m
.

4.1. Tangent space and duality. In [38] an other approach to the computation of the tangent space to the de-
formation space is proposed and the the relation between the deformation functor of curves with automorphisms
in positive characteristic p and the Galois module structure of holomorphic differentials is investigated. The
main results are summarized below:

The Tangent Space and Serre Duality. LetX be a smooth projective curve of genus g ≥ 2 over an algebraically
closed field k of characteristic p > 0. LetG be a subgroup of the automorphism group ofX . The tangent space
tDgl

of the global deformation functor for (X,G) is identified with Grothendieck’s equivariant cohomology:

tDgl
∼= H1(X,G, TX),

where TX is the tangent sheaf of the curve [4].

Proposition 1 (Isomorphism to Invariants). There is an isomorphism between the equivariant cohomology and
the G-invariant subspace of the first Čech cohomology group:

H1(G, TX) ∼= H1(X, TX)G.

By applying Serre duality, the above space is related to the space of holomorphic 2-differentials, and the
following equality holds:

dimkH
1(G, TX) = dimkH

0(X,Ω⊗2
X )G,

where H0(X,Ω⊗2
X )G denotes the module of covariants under the G-action.

Local-Global Principle. Moreover the following homological version of the local-global principle for these
deformations is proved:

Proposition 2 (Homological Sequence). Let b1, . . . , br be the ramification points of the coverX → Y = X/G
with decomposition groupsGi. The dimension of the space of covariant elementsΩG is determined by the exact
sequence:

0 →

(
r⊕
i=1

H1(G(bi),M⊗2/Ω⊗2
bi

)

)
→ ΩG → Imα→ 0,

where Imα represents the contribution from the quotient curve Y .

Computations for Cyclic Groups. In the classical case, i.e. in characteristic zero or more general if the action
of G on X is tame, [4, p. 206], [37, eq. (40)] the dimension of the tangent space is known to be equal to
3gY − 3 + r, where gY denotes the genus of the quotient curve Y and r is the number of branch points. Notice
that 3gY − 3 is the dimension of the moduli space of curves of genus gY and each branch point adds one further
degree of freedom.

In the case of a wild action the situation is more subtle. For the specific case where G is a cyclic group of
order p, using results of S. Nakajima the tangent space can be computed:

Theorem 3 (Dimension Formula). If G ∼= Z/pZ, the dimension is given by:

dimkH
0(X,Ω⊗2

X )G = 3gY − 3 +

r∑
i=1

[
2(Ni + 1)(p− 1)

p

]
,

where gY is the genus of the quotient curve Y , r is the number of branch points, andNi are constants related to
the local ramification filtration. This result recovers the formula previously established by Bertin and Mézard
[4].
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These results are expanded in [31] as follows. Generalizing a result of Nakajima [51, Theorem 1] from the
case whenG is cyclic of order p to the case whenG is an arbitrary cyclic p-group, Borne [5, Theorem 7.23] has
explicitly determined the Galois module structure of H0(X,OX(D)) for any G-invariant divisor D on X of
degree greater than 2gX − 2. Although the formulation of Borne’s theorem requires quite involved definitions
and is in particular difficult to state, its consequence for the dimension ofH0(X,Ω⊗2

X )G is simple:

dimkH
0(X,Ω⊗2

X )G = 3gY − 3 +
r∑
j=1

⌊
2d(Pj)

e0(Pj)

⌋
.

This result can also be derived from core results in [4] and becomes [4, Proposition 4.1.1] if G is cyclic.
If we assume that the action of G on X is weakly ramified, i.e., that the second ramification group G2(P )

vanishes for all P ∈ X , we can prove

dimkH
0(X,Ω⊗2

X )G = 3gY − 3 +

r∑
j=1

logp |G(Pj)|+

{
2r if p > 3

r if p = 2 or 3,

see [31, Th. 3.1]. The above formula matches up with results of Cornelissen and Kato [28, Thm 4.5, Thm
5.1(b)] for the deformation of ordinary curves. The results of article [31] is based on results of B. Köck [30,
Thm 4.5] on week ramified covers and their relation with projective modules.

5. The lifting problem

Let k be a field of prime characteristic p > 0. A lift of k to characteristic 0 is the field of fractions L of
any integral extension of the ring of Witt vectors W (k), a classical construction by Witt [76] that generalizes
the p-adic integers Zp = W (Fp). We will consider the case of algebraically closed fields k. Note that integral
extensions ofW (k) are discrete valuation rings of mixed characteristic, with residue field k.

Consider a projective, non-singular curve X0 over k and let R be an integral extension of W (k). A lift of
X0/k to characteristic 0, is a curve Xη over L = QuotR, obtained as the generic fibre of a flat family of curves
X/R whose special fibre is X0/k. Such lifts have been extensively used by arithmetic geometers to reduce
characteristic p problems to the, much better understood, characteristic 0 case.

One of the earliest uses of the idea of lifting is the approach of J.P. Serre [69] in an attempt to define an
appropriate cohomology theory, which could solve the Weil conjectures. The lifting of an algebraic variety to
characteristic zero is unfortunately not always possible and Serre was able to give such an example, see [70].
The progress made in deformation theory by Schlessinger [65] identified the lifting obstruction as an element
in H2(X,TX), see [68, 1.2.12], [24, 5.7 p.41].

An other motivation for the lifting problem was the generalization of Riemann’s existence theorem for Rie-
mann surfaces to algebraic curves of positive characteristic. Riemann’s existence theorem asserts that every
finite topological branched cover f top : Y top → X(C) of a smooth projective complex curve X originates
from a unique algebraic branched cover f : Y → X . Specifically, the corresponding topological cover fan
of the algebraic cover is homeomorphically equivalent to the original topological cover f top through a map iY
that respects the covering structure f top ◦ iY = fan.

In positive characteristic the situation is different. The Artin-Schreier covers are étale covers of P1 − {∞},
a non-possible situation in characteristic zero, since P1(C)− {∞} ∼= C, is simply connected.

Consider a complete discrete valuation ring R with residue field k (char p > 0, algebraically closed) and
fraction fieldK. LetXR be a smooth projective relative curve overR equipped with n disjoint marking sections
{xi,R}. Grothendieck’s theory of tame lifting ensures that any finite tamely ramified cover f : Y → X of the
special fiber, étale outside the markings {xi}, admits a unique lift to a finite flat branched cover fR : YR → XR

over R. This lifting fR is uniquely determined by the requirement that it remains étale outside the sections
{xi,R} and preserves the ramification indices of f . Furthermore, the lifting functor preserves the G-Galois
property.

If f is étale, the theorem follows fromGrothendieck’s theory of étale lifting ([21, I, Corollaire 8.4], combined
with [21, III, Prop. 7.2]). In general, we can use Grothendieck’s theory of tame lifting ([21, XIII, Corollaire
2.12], see also [75].
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5.1. Lifts of curves with automorphisms. Let X0/k be a projective, non-singular curve as in the previous
section. Such a curve can always be lifted to characteristic zero, since the obstruction lives in the second
cohomology which is always zero for curves. However, one might ask if it is possible to deform the curve
together with its automorphism group, see [4]. This is not always possible, since Hurwitz’s bound for the
order of automorphism groups in characteristic 0 ensures that the answer for a general group G is negative,
see [17][53]. In the same spirit, J. Bertin in [3] provided an obstruction for the lifting based on the Artin
representation which vanishes for cyclic groups. Note that, even in positive characteristic, the order of cyclic
automorphism groups is bounded by the classical Hurwitz bound, see [52]. The existence of such a lift for cyclic
p-groups was conjectured by Oort in [59] and was laid to rest three decades later by Obus-Wewers [58] and Pop
[62].

In the meantime, the case for G = Z/pZ was studied by Oort himself and Sekiguchi-Suwa [66, 67], who
unified the theory of cyclic extensions of the projective line in characteristic p (Artin-Schreier extensions) and
that of cyclic extensions of the projective line in characteristic 0 (Kummer extensions). The unified theory is
usually referred to as Kummer-Artin Schreier-Witt theory or Oort-Sekiguchi-Suwa (OSS) theory. Using these
results, Bertin-Mézard in [4] provided an explicit description of the affine model for the Kummer curve in terms
of the affine model for the Artin-Schreier curve. Following this construction, members of our research group in
[26] proposed the study of the Galois module structure of the relative curve X/R. As a byproduct, they found
an explicit basis of the R-module of relative holomorphic differentials H0(X ,ΩX ), using Boseck’s work [6]
on holomorphic differentials.

5.2. Explicit liftings of curves.

5.2.1. The Bertin-Mezard family. Let k be an algebraically closed field of characteristic char(k) = p > 0.
Denote by W (k)[ζ] the ring of Witt vectors over k extended by a p-th root of unity ζ and let λ = ζ − 1. By
[25, sec. 8.10]W (k)[ζ] is a discrete valuation ring with maximal idealm and residue field isomorphic to k. Let
m ≥ 1 be a natural number not divisible by p; for any 1 ≤ ℓ ≤ p− 1 we writem = pq − ℓ and consider, as in
[26, sec. 3], the local ring

R =

{
W (k)[ζ][[x1, . . . , xq]] if ℓ = 1

W (k)[ζ][[x1, . . . , xq−1]] if ℓ 6= 1

with maximal ideal mR = 〈m, {xi}〉. We write

K = Quot (R/m) =

{
Quot (k[[x1, . . . , xq]]) if ℓ = 1

Quot (k[[x1, . . . , xq−1]]) if ℓ 6= 1

and consider the extension of the rational function fieldK(x) given by X0 : X
p −X = xℓ

a(x)p , where

(5.1) a(x) =

{
xq + x1x

q−1 + · · ·++xq−1x+ xq if ℓ = 1

xq + x1x
q−1 + · · ·+ xq−1x if ℓ 6= 1.

Bertin-Mézard proved in [4, sec. 4.3] that the curve above lifts to a curve over L = Quot(R) given by

Xη : yp = λpxℓ + a(x)p

for y = a(x)(λX + 1), which is the normalization of R[x] in L(y). This gives rise to a family X → Spec(R),
with special fibre X0 and generic fibre Xη:

(5.2)
Spec(k)×Spec(R) X = X0 X Xη = Spec(L)×Spec(R) X

Spec(k) Spec(R) Spec(L)

In [26] the study of spaces of holomorphic polydifferentials of a relative curve X → Spec(R) as a R[G]-
module is proposed. Moreover the R[G]-module structure of holomorphic differentials is computed. We now
describe the result of this article.

Proposition 4. Let S be an integral domain that is a W (k)[ζ]-algebra. Set λ = ζ − 1. For a0, a1 ∈ Z,
1 ≤ a1 ≤ p, we consider the S-module

V ′
a0,a1 := S〈(λX + 1)i : a0 ≤ i < a0 + a1〉 ⊂ S(λX + 1).
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Consider the diagonal integral representation of a cyclic group of order p on V ′
a0,a1 by defining

(1) σ(λX + 1)i = ζi(λX + 1)i.

Notice that the modules V ′
a0,a1 and V ′

a0+p,a1 are isomorphic as G-modules. The problem with the module
V ′
a0,a1 is that there is no good reduction of it modulo the maximal ideal of S. So we define the S-module

Va0,a1 := S〈(λX + 1)a0Xi : 0 ≤ i < a1〉 ⊂ S(λX + 1, X)

instead. The twomodules areGLa1(Quot(S))-equivalent but notGLa1(S)-equivalent. After aGLa1(Quot(S))
change of basis the representation on Va0,a1 becomes equivalent to

(2) ρ(σ) = diag(ζa0 , ζa0+1, . . . , ζa0+a1−1)Aa1 .

The S[G]-representation Va0,a1 is indecomposable.

Definition 1. Define by Va the indecomposable integral representation V1−p,a of Proposition 4. It has the
matrix representation given in (2). The module Va is free of rank a.

Theorem 5. Let σ be an automorphism of X of order p 6= 2 and conductor m with m = pq − l, 1 ≤ q,
1 ≤ l ≤ p− 1. Let

(3) R =

{
W (k)[ζ][[x1, . . . , xq]] if l = 1,

W (k)[ζ][[x1, . . . , xq−1]] if l 6= 1,

be the Oort-Sekiguchi-Suwa factor (see also Theorem 9) of the versal deformation ring Rσ. The free R-module
H0(X ,ΩX ) of relative differentials has the following R[G]-structure:

(4) H0(X ,ΩX ) =

p−2⊕
ν=0

V δν
ν ,

where

(5.3) δν =


q +

⌈
(ν + 1)l

p

⌉
−
⌈
(2 + ν)l

p

⌉
if ν ≤ p− 3,

q − 1 if ν = p− 2.

5.3. The Oort conjecture. The lifting problem studies the following construction: given a smooth, projective
curveX in characteristic p acted on by a finite group G, does there exist an arithmetic surface X over a ring R
of mixed characteristic whose special fiber is G-isomorphic toX? The answer in general is no! The genus has
to remain constant in fibres and there are examples of curves (like the Hermitian curve x1+p+y1+p+z1+p = 0)
with order of the automorphism group > 84(g − 1) while in characteristic zero the order of the automorphism
group is bounded from above by 84(g − 1) (Hurwitz bound). These obstructions do not appear if G is abelian
since Nakajima proved [52] that a Hurwitz like bound hold always for abelian groups. Oort conjecture states
that such a lifting from characteristic p to characteristic zero is always possible when the group G is cyclic.

The question has its origins in Serre’s Mexico paper [69], where the author introduced lifting techniques in
an early attempt at the Weil conjectures. By a result of Grothendieck [21, XIII,2.12], if char(k) ∤ |G|, then
X with the action of G can always be lifted to characteristic 0; this implies in particular that lifting a curve
without a group action is always possible. The case char(k) | |G| proved more challenging and remains open.
In [59], F. Oort conjectured that if G is cyclic then the pair (X,G) can always be lifted. Following a series of
developments, [66],[4], [17], Obus-Wewers in [58] and Pop in [62] proved Oort’s conjecture and thus paved
the road to the following question: for which other groups G can the pair (X,G) be lifted to characteristic 0?
A series of lifting obstructions, such as [3], [11] and [8], reduced the candidates to the following shortlist: G
must be either cyclic, dihedral of order 2pn or the alternating group A4. The cyclic case was settled in [58] and
[62], while A4 is due to Obus [56], leaving the case for dihedral groups; Dp is due to Bouw-Wewers [7] and
Pagot [60], D4 is due to Weaver [74], D9 is due to Obus [57], while D25 and D27 are due to joint work of Dr.
Karagiannis, member of our team [13]. These are the only dihedral groups known to satisfy the lifting problem.
The PI with A. Terezakis, in a series of articles [41], [41], [39] provided a counterexample to the generalized
Oort conjecture. The problem now is: which are exactly the groupsDph that can be lifted to characteristic zero?
Deliverable 6 10| 21



GAAG Deformation Theory

5.4. Lifting of representations. Let G : C → Groups be a group functor, see [14, ch. 2]. We will be mainly
interested in two group functors. The first one, GLg, will be represented by the by the group scheme Gg =
Λ[x11, . . . , xgg, det(xij)

−1], that is GLg(Γ) = HomΛ(Gg,Γ). The second one is the group functor from the
category of rings to the category of groups N : Γ 7→ AutΓ[[t]].

We also assume that each group G(Γ) is embedded in the group of units of some ring R(Γ) depending
functorially on Γ. This condition is imposed since our argument requires us to be able to add certain group
elements. We also assume that the additive group of the ringR(Γ) has the structure of direct product ΓI , while
R(Γ) = R(Λ) ⊗Λ Γ. Notice, that I might be an infinite set, but since all rings involved are Noetherian ΓI is
flat, see [46, 4F]. We will employ this machinery in the following section.

6. Harbater-Katz-Gaber covers

Let k be an algebraically closed field of characteristic p > 0, and let G be a finite group. A generalized
Harbater-Katz-Gabber G-curve is a smooth, projective, connected curve C over k endowed with a faithful
action of G such that the quotient C/G is isomorphic to P1

k and the natural morphism

π : C −→ P1
k

is branched at at most two points. One of these branch points corresponds to a totally wildly ramified point,
while the other branch point (if present) is tamely ramified. Equivalently, the inertia group at the wild branch
point has a p-subgroup as G1, whereas the inertia group at the tame branch point is cyclic of order prime to
p. In the case where only one branch point occurs, the cover is necessarily totally wildly ramified at a unique
branched point and the inertia subgroup is a p-group.

The Harbater-Katz-Gabber compactification theorem [22], [29], asserts that there is a HKG-coverXHKG →
P1 ramified only at one point P of X with Galois group G = Gal(XHKG/P1) = G0 such that G0(P ) = G0

and the action of G0 on the completed local ring ÔXHKG,P coincides with the original action of G0 on O.
By considering the Harbater-Katz-Gabber compactification to an action on the local ring k[[t]], we have

the advantage to attach global invariants, like genus, p-rank, differentials etc., in the local case. Also finite
subgroups of the automorphism group Autk[[t]], which is a difficult object to understand (and is a crucial
object in understanding the deformation theory of curves with automorphisms, see [4]) become subgroups of
GL(V ) for a finite dimensional vector space V .

The HKG curves provide global realizations of prescribed localG-extensions with both wild and tame rami-
fication and play an important role in the study of local-global principles, deformation theory of Galois actions,
and lifting problems for curves and covers in characteristic p.

Notice that in the literature this compactification is called by the name “Katz-Gabber” but M. Matignon
pointed to us that it was D. Harbater who first considered this construction in his work [22] for the case of
p-groups; his results were later generalized by N. Katz in [29]. From now on we will call these Harbater-Katz-
Gabber covers as HKG-covers.

6.1. The passage from Autk[[t]] to GLn(k). The representation

ρ : G(P ) −→ Autk[[t]]

plays an essential role in ramification filtration and in deformation of curves with automorphisms. The group
Autk[[t]] is a difficult group to understand compared to the group Aut(V ) = GLdim(V )(k).

The article [35] was the first attempt of members of our research group to replace automorphisms of formal
powerseries with automorphisms of vector spaces.

One of the core results of this article is the following: Let 1 ≤ m ≤ 2g − 1 be the smallest pole number not
divisible by the characteristic. There is a faithful representation

ρ : G1(P ) −→ GL(mP ).

This result makes G1(P ) realizable as a finite algebraic subgroup of the linear group GLℓ(mP )(k). Moreover
the flag of vector spaces L(iP ) for i ≤ m is preserved, so the representation matrices are upper triangular, or
in other words G1(P ) is a subgroup of the Borel group of the flag.

We assume that m = m0 > m1 > · · · > mr = 0, are the pole numbers ≤ m. Therefore, a basis for the
vector space L(mP ) is given by{

1,
ui
tmi

,
1

tm
: where 1 < i < r, p | mi and ui are certain units

}
.
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With respect to this basis, an element σ ∈ G1(P ) acts on 1/tm by

σ
1

tm
=

1

tm
+

r∑
i=1

ci(σ)
ui
tmi

,

and then it maps the local uniformizer t to

(4) σ(t) =
ζt

(1 +
∑r

i=1 ci(σ)uit
m−mi)1/m

,

where ζ is anm-th root of 1.
The above expression can be written in terms of a formal power series as:

(5) σ(t) = ζt

1 +
∑
ν≥1

aν(σ)t
ν

 .

Since σ is an automorphism of the power series ring and σ|G1(P )| = 1, and (m, p) = 1 we obtain that ζ = 1
and (5) can be written as:

(6) σ(t) = t

1 +
∑
ν≥1

aν(σ)t
ν

 .

The above computation allows us to compute the jumps in the filtration of the group G1(P ).

Proposition 6. If g ≥ 2 and p 6= 2, 3, then there is at least one pole numbermr ≤ 2g − 1 not divisible by the
characteristic p. Then there is a faithful representation

ρ : G1(P ) → GL
(
L(mrP )

)
.

Proposition 7. Let X be a curve acted on by the group G. For every fixed point P on X we consider the
corresponding faithful representation defined in proposition 6:

ρ : G1(P ) → GLℓ(mrP )(k).

If Gi(P ) > Gi+1(P ), for i ≥ 1, then i = mr −mk, for some pole numbermk.

6.2. Representation filtration and HKG-covers. In positive characteristic the group G(P ) admits the fol-
lowing ramification filtration:

G(P )⊇G0(P ) ⊇ G1(P ) ⊇ G2(P ) ⊇ · · · ⊇ {id},
where

Gi(P ) = {σ ∈ G(P ) : vP (σ(t)− t) ≥ i+ 1},
for a local uniformizer t at P and vP its corresponding valuation. Notice that G1(P ) is the p-part of G(P ).

In [27] the notion of representation filtration is introduced in order to determine the jumps of the ramification
filtration, i.e. to find the indices such thatGi(P ) ≩ Gi+1(P ). This is a deep question related to the structure of
G1(P ) and to the curve in question. For instance ifG1(P ) is abelian then the Hasse-Arf theorem [71, Theorem
p. 76] imposes very strong divisibility relations among the jumps. Let us fix the notation for the jumps of the
ramification filtration, in what follows G0(P ) is a p-group so:

G0(P ) = G1(P ) = Gb1 > Gb2 > · · · > Gbµ > {id}.
This means that Gbν ⊋ Gbν+1 for every 1 ≤ ν ≤ µ and that there are µ jumps.

6.3. Weierstrass semigroups. On the other hand, the Weierstrass semigroup at P consists of all elements of
the function field of the curve that have a unique pole at P . More precisely we can consider the flag of vector
spaces

k = L(0) = L(P ) = · · · = L((i− 1)P ) < L(iP ) ≤ · · · ≤ L((2g − 1)P ),

where
L(iP ) := {f ∈ F : div(f) + iP ≥ 0} ∪ {0}.

We will write ℓ(D) = dimk L(D), for a divisor D. An integer i will be called a pole number if there is a
function f ∈ F ∗ so that (f)∞ = iP , or equivalently ℓ

(
(i − 1)P

)
+ 1 = ℓ

(
iP
)
. If i is not a pole number, we

call it a gap. The set of pole numbers at P form a numerical semigroup H(P ) which is called the Weierstrass
semigroup at P . Note that 0 is always a pole number; thus, from now on when we write H(P ) we always
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assume that {0} ∈ H(P ) for every Weierstrass semigroup. It is known that there are exactly g pole numbers
that are smaller or equal to 2g− 1 and that every integer i ≥ 2g is in the Weierstrass semigroup, see [73, I.6.7].
The case of symmetric Weierstrass semigroups is an extreme example where the maximum gap equals 2g − 1.

It is also known that there is a close connection between the groupG(P ) and the Weierstrass semigroup at P .
I. Morisson and H. Pinkham [50] studied this connection in characteristic zero for Galois Weierstrass points:
a point P on a compact Riemann surface Y is called Galois Weierstrass if for a meromorphic function f on
Y such that (f)∞ = dP , where d is the least pole number in the Weierstrass semigroup at P , the function
f : Y → P1(C) gives rise to a Galois cover. We generalise [50] in positive characteristic. Notice that the first
non zero element inH(P ) is not enough to grasp the group structure. We have to go up to the first pole number
inH(P ) that is not divisible by p to do so. And of course the stabilizerG(P ) and its p-partG1(P ) do not have
to be cyclic groups anymore.

6.3.1. Action on Riemann-Roch spaces.

Definition 2. Letmr be the smallest pole number at P not divisible by the characteristic. Denote with
0 = m0 < · · · < mr−1 < mr

all the pole numbers at P in increasing sequence which are ≤ mr. From now on, fi ∈ F , with 0 ≤ i ≤ r will
denote the functions such that (fi)∞ = miP .

As we have already proved in [35, Lemmata 2.1, 2.2] there is a faithful action of the p-part G1(P ) of the
decomposition group G(P ) on the spaces L(iP ) 6, 7.

In this section we consider HKG p-covers: G is a p-subgroup of Aut(XHKG), i.e. G0 = G1, while P will
always be the unique ramified point of the cover, i.e. G = G(P ), which moreover ramifies totally, i.e. G0 = G.

From now on we will focus on HKG p-covers and we will use the notation X for such a curve, instead of
XHKG, unless otherwise stated.

6.3.2. Representation Filtration. Recall that
0 = m0 < · · · < mr−1 < mr

are all the pole numbers at P in increasing sequence up tomr.

Definition 3. For each 0 ≤ i ≤ r we consider the representations
ρi : G1(P ) → GL(L(miP )).

We form the decreasing sequence of groups:
(6.1) G1(P ) = kerρ0 ⊇ kerρ1 ⊇ kerρ2 ⊇ · · · ⊇ kerρr = {1}.
We will call this sequence of groups “the representation” filtration.

Note that the spacesL(miP ) are fixed by the action ofG1(P ). The filtration of eq. (6.1) leads to a successive
sequence of elementary abelian p-group extensions of the field FG1(P ):

(6.2) FG1(P ) = F kerρ0 ⊆ F kerρ1 ⊆ F kerρ2 ⊆ · · · ⊆ F kerρr = F.

We call an index i a jump of the representation filtration if and only if ker ρi ⪈ ker ρi+1. Let us also fix the
notation for the representation jumps:

G1(P ) = ker ρ0 = · · · = ker ρc1 > · · · > ker ρcn−1 > ker ρcn > {id}.
The above sequence of groups jumps at say n certain integers, we call them the jumps of the representation
filtration,

c1 < c2 < · · · < cn−1 < cn = r − 1,

Remark 8. Every element σ ∈ kerρi fixes by definition all fν such that (fν)∞ = mνP for ν ≤ i. A non
negative integer i is a jump whenever the function fi+1 is not ker ρi invariant.

If ci is a representation jump thenmci+1 is a minimal generator of H(P ). Since the sequence of the groups
ker ρci jumps, the corresponding sequence of fields will also jump and, moreover,

(6.3) F ker ρci+1 = F ker ρci (fci+1).

Definition 4. In order to simplify notation we set Fi = F ker ρci , m̄i = mci+1 and f̄i = fci+1. Denote also by
phi = | ker ρci+1 |, for all 1 ≤ i ≤ n− 1, and ph0 = G1(P ).
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So eq. (6.3) can be written as Fi+1 = Fi(f̄i). Thus in every extension we add an extra function fci+1 = f̄i
which in turn adds a new generator m̄i in the previous semigroup. Define Qi = Fi ∩ P for 1 ≤ i ≤ n + 1 to
be the unique ramification points of the tower defined in eq. (6.2).

We have the following picture of fields, groups, places and semigroups

F {1} P H(P )

Fi+1 = F ker ρci+1 ker ρci+1 Qi+1 H(Qi+1) =
〈
phi−1−hiH(Qi), λi

〉
Z+

Fi = F ker ρci ker ρci Qi H(Qi)

F0 = FG1(P ) G1(P ) Q1 Z+

Using the relation of the semigroups in Galois extension of function fields we will see that the semigroup of F2

at Q2 is

Σ2 :=

∣∣∣∣kerρc1kerρc2

∣∣∣∣Z+ + λ1Z+ = ph0−h1Z+ + λ1Z+

with (λ1, p) = 1.
Notice that, λ1 = 1 if and only if F kerρc2 is rational. We proceed in this way and we have that

Σi+1 = phi−1−hiΣi + λiZ+, for all 1 ≤ i ≤ n,

i.e. the semigroup of a field at Qi+1 in the sequence given in eq. (6.2) is the semigroup of the previous field
at Qi multiplied by the order of their Galois group, plus an extra element λi prime to p and all their Z+ linear
combinations. The elements

ph1λ1 < ph2λ2 < · · · < phn−1λn−1 < λn =
mcn+1

| ker ρcn+1 |
= mr,

are inside the set of generators of the Weierstrass semigroup at P and that if we add the element ph0 then,

〈ph0 , ph1λ1, . . . , phn−1λn−1, λn〉Z+ = H(P ).

Nowwe are ready to state our twomain theorems: Concerning the structure ofH(P ), theWeierstrass semigroup
at P , we have the following

Theorem 9. (1) For every jump of the representation filtration ci, 1 ≤ i ≤ n there exists a generator of
H(P ) of the form m̄i = mci+1 = phiλi, where (λi, p) = 1.

(2) The first ramification jump affects the structure ofH(P ) in the following way:
(a) If G1(P ) > G2(P ), then the extension F/FG2(P ) is also HKG, and the Weierstrass semigroup

H(P ) is minimally generated by m̄i, with 1 ≤ i ≤ n. Moreover |G2(P )| = m̄1 = m1.
(b) IfG1(P ) = G2(P ) then we need m̄i, 1 ≤ i ≤ n together with ph0 = |G1(P )| in order to generate

H(P ). In this case |G1(P )| 6= m̄i for all 1 ≤ i ≤ n.
In both cases the semigroup H(P ) is symmetric.

The relation of the representation with the ramification filtration is given in terms of the following:

Theorem 10. Assume that X → X/G1(P ) = P1 is a HKG-cover. Then
(1) The jumps of the ramification filtration are the integers λi for 1 ≤ i ≤ n, i.e. λi = bi for every such i,

while the number of ramification and representation jumps coincide, i.e. µ = n.
(2) Gbi = ker ρci for all 2 ≤ i ≤ n.

6.4. Cohomological Approach to HKG-covers. In [43] a cohomological classification of HKG-covers are
studied in terms of explicit H1-classes satisfying compatibility conditions, together with applications to the
structure of finite subgroups of the Nottingham group.

Let P ∈ X be the unique ramified point. The lower ramification filtration

G1(P ) ⊇ G2(P ) ⊇ · · ·
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is related to the representation filtration arising from the natural action of G on the Riemann-Roch spaces

L(mP ), m ∈ H(P ),

where H(P ) is the Weierstrass semigroup at P .
A key result is that, for HKG-covers, the jumps of the ramification filtration coincide with the jumps of the

representation filtration. This allows one to write the function field k(X) as a tower

F0 ⊂ F1 ⊂ · · · ⊂ Fs+1 = k(X),

where each extension Fi+1/Fi is elementary abelian.
Let m̄1, . . . , m̄s be the generators of the Weierstrass semigroup and f̄i functions with pole divisor (f̄i)∞ =

m̄iP . It is proved that for anym ∈ H(P ),

L((m− 1)P ) = kn,m[f̄0, f̄1, . . . , f̄s],

where the right-hand side consists of bounded-degree monomials in the f̄i, with explicit bounds determined by
the ramification filtration. This description is fundamental for making the group action explicit.

For each generator f̄i, the action of G is given by

σ(f̄i) = f̄i + C̄i(σ),

where
C̄i ∈ Z1

(
G, kn,m̄i [f̄0, . . . , f̄i−1]

)
.

The central result of the paper is:

Theorem 11. An HKG-cover is completely determined by a sequence of cohomology classes

C̄i ∈ H1
(
G, kn,m̄i [f̄0, . . . , f̄i−1]

)
satisfying the compatibility conditions

Pi(C̄i) = 0,

where Pi is an additive polynomial describing the elementary abelian extension Fi+1/Fi. Conversely, every
such compatible sequence defines a unique HKG-cover.

The compatibility condition expresses the fact that Fi+1/Fi is a generalized Artin-Schreier extension

Pi(f̄i) = Di, Di ∈ Fi.

This provides a non-abelian analogue of the classical Artin-Schreier-Witt theory.
Since the choice of generators f̄i is not canonical, it is proved that the intrinsic data of an HKG-cover is given

by projective cohomology classes
[C̄i] ∈ PH1

(
G,L(m̄iP )

)
,

satisfying induced compatibility conditions. This yields a coordinate-free classification of HKG-covers.

6.4.1. Application to the Nottingham Group. Using the last generator f̄s, whose pole order is the first integer
prime to p, canonical local parameter t = f̄

−1/m
s is defined. Moreover every finite p-subgroup G of the

Nottingham group acts (after conjugation) by

σ(t) = t
(
1 + C̄s(σ)t

m
)−1/m

, σ ∈ G.

Thus, the conjugacy class of G ⊂ Aut(k[[t]]) is encoded by the final cohomology class C̄s. This yields an
explicit description of finite p-subgroups and recovers classical normal forms for elements of order ph.

Thus:
• HKG-covers are governed by cohomological data rather than equations;
• Non-abelian p-group actions admit a stepwise Artin-Schreier description;
• Finite subgroups of the Nottingham group can be classified viaH1-data.
This places HKG-covers firmly within the cohomological philosophy of I. Shafarevich [72] and provides a
powerful bridge between algebraic curves, ramification theory, and local group actions.
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7. The canonical ideal, Petri’s theorem, syzygies

7.1. Syzygies acted by automorphisms. The theory of syzygies which originates in the work of Hilbert and
Sylvester has attracted a lot of researchers and it seems that a lot of geometric information can be found in the
minimal free resolution of the ring of functions of an algebraic curve. For an introduction to this fascinating
area we refer to [16].

In [42] it is proved that the automorphism group G of the curve acts linearly on a minimal free resolution F
of the ring of regular functions SX of the curve X canonically embedded in Pg−1. Notice that an action of a
groupG on a graded moduleM gives rise to a series of linear representations ρd : G→Md to all linear spaces
Md of degree d, for d ∈ Z. For the case of the free modules Fi of the minimal free resolution F we relate the
actions of the group G in both Fi and in the dual Fg−2−i in terms of an inner automorphism of G.

This information is used in order to show that the action of the group G on generators of the modules Fi
sends generators of degree d to linear combinations of generators of degree d. Let S = Sym(H0(X,ΩX)) be
the symmetric algebra ofH0(X,ΩX).

The degree d-part of TorSi (k, SX) will be denoted by TorSi (k, SX)d, which is a vector space of dimension
βi,d. We can use our computation in order to show that all TorSi (k, SX)d are acted on by the group G, but
this also follows by Koszul cohomology, see [2]. Indeed, one starts with the vector space V = H0(X,ΩX),
dimV = g, S = Sym(V ) and considers the exact Koszul complex

0 → ∧gV ⊗ S(−g) → ∧g−1V ⊗ S(−g + 1) → · · ·

· · · → ∧2V ⊗ S(−2) → V ⊗ S(−1) → S → k → 0.

The symmetry property of the Tor functor implies that one can calculate TorSi (k, SX) by using the Koszul
resolution of k, instead of the Koszul resolution of SX . Since the Koszul resolution of k is a complex of G-
modules and all differentials are G-module morphisms the TorSi (k, SX)d are naturally G-modules. On the
other hand the passage to the action on generators is not explicit, since the isomorphism between the graded
components of the terms in the minimal resolution and Koszul cohomology spaces is not explicit, as as it comes
from the spectral sequence that ensures the symmetry of Tor functor.

The representations to the d graded space of each Fi, ρi,d : G → GL(Fi,d) can be expressed as a direct
sum of the G-modules TorSi (k, SX)d. The G-module structure of all Fi is determined by knowledge of the
G-module structure ofH0(X,ΩX) and the G-module structure of each TorSi (k, SX) for all 0 ≤ i ≤ g − 2.

7.1.1. Petri’s theorem and the canonical ideal. Consider a complete non-singular non-hyperelliptic curve of
genus g ≥ 3 over an algebraically closed fieldK. Let ΩX denote the sheaf of holomorphic differentials on X .

Theorem 12 (Noether-Enriques-Petri). There is a short exact sequence

0 → IX → SymH0(X,ΩX) →
∞⊕
n=0

H0(X,Ω⊗n
X ) → 0,

where IX is generated by elements of degree 2 and 3. Also if X is not a non-singular quintic of genus 6 or X
is not a trigonal curve, then IX is generated by elements of degree 2.

For a proof of this theorem we refer to [63], [18]. The ideal IX is called the canonical ideal and it is the
homogeneous ideal of the embedded curveX → Pg−1

k . The automorphism group of the ambient space Pg−1 is
known to be PGLg(k), [23, example 7.1.1 p. 151]. On the other hand, every automorphism of X is known to
act on H0(X,ΩX) giving rise to a representation

ρ : G→ GL(H0(X,ΩX)),

which is known to be faithful, when X is not hyperelliptic and p 6= 2, see [32]. The representation ρ in turn
gives rise to a series of representations

ρd : G→ GL(Sd),

where Sd is the vector space of degree d polynomials in the ring S := k[ω1, . . . , ωg].

7.1.2. The automorphism group as an algebraic set. Let X ⊂ Pr be a projective algebraic set. Is it true that
every automorphism σ : X → X comes as the restriction of an automorphism of the ambient projective space,
that is by an element of PGLk(r)? For instance, such a criterion for complete intersections is explained in [36,
sec. 2]. In the case of canonically embedded curves X ⊂ Pg−1 it is clear that any automorphism σ ∈ Aut(X)
acts also on Pg−1 = ProjH0(X,ΩX). In this way we arrive at the following:
Deliverable 6 16| 21



GAAG Deformation Theory

Lemma 13. Every automorphism σ ∈ Aut(X) corresponds to an element in PGLg(k) such that σ(IX) ⊂ IX
and every element in PGLg(k) such that σ(IX) ⊂ IX gives rise to an automorphism of X .

Let A1, . . . , Ar be a set of linear independent g × g matrices such that the wtAiw 1 ≤ i ≤ r generate the
canonical ideal, and wt = (w1, . . . , wg) is a basis of the space of holomorphic differentials. By choosing an
ordered basis of the vector space of symmetric g × g matrices we can represent any symmetric g × g matrix A
as an element Ā ∈ k

g(g+1)
2 , that is

·̄ : Symmetric g × g matrices −→ k
g(g+1)

2

A 7−→ Ā

We can now put together the r elements Āi as a g(g + 1)/2 × r matrix
(
Ā1| · · · |Ār

)
, which has full rank r,

since {A1, . . . , Ar} are assumed to be linear independent.

Proposition 14. An element σ = (σij) ∈ GLg(k) induces an action on the curve X , if and only if the g(g +
1)/2× 2r matrix

B(σ) =
[
Ā1, . . . , Ār, σtA1σ, . . . , σtArσ

]
has rank r.

7.2. The canonical ideal of HKG-covers. In [44] the canonical ideal of an HKG-curveX/k is computed using
the method described in [10], which roughly states that in order to show that a set of quadratic differentials
generates the canonical ideal, it suffices to show that the “initial terms” of the differentials generate a large
enough subspace of the degree 2 part of the polynomial ring of symmetric differentials. A breakdown process
of an HKG-curve into Artin-Schreier extensions as described in [27] and [43] is used. This article gives a new
description of the generating elements of the tower of Artin-Schreier extensions. The symmetric Weierstrass
semigroupH at the unique ramification point is used together with the explicit bases of polydifferentials based
on the semigroup given in [27, proposition 42].

7.3. Relative Syzygies. In [10] the theory of the canonical ideal for relative curves is introduced for of the
relative curve, and the example of Bertin-Mézard is used to illustrate this construction. The relative canonical
map is introduced and an analogue of Petri’s Theorem for the relative curve X/R is proved, by constructing a
diagram

0 // IXη

� � // SL := L[ω1, . . . , ωg]
ϕη // //

∞⊕
n=0

H0(Xη,Ω⊗n
Xη/L

) // 0

0 // IX
� � //

?�

⊗RL

OO

⊗RR/m

����

SR := R[W1, . . . ,Wg]
ϕ // //

?�

⊗RL

OO

⊗RR/m

����

∞⊕
n=0

H0(X ,Ω⊗n
X/R)

//

?�

⊗RL

OO

⊗RR/m
����

0

0 // IX0

� � // Sk := k[w1, . . . , wg]
ϕ0 // //

∞⊕
n=0

H0(X0,Ω
⊗n
X0/k

) // 0

whose rows are exact and where each square is commutative. A Nakayama-type criterion that reduces the
problem of finding a generating set for the relative canonical ideal IX to finding compatible generating sets for
the canonical ideals on the two fibres. It is proved that if G is a set of homogeneous polynomials in IX such
that G⊗R L generates IXη and G⊗R k generates IX0 then G generates IX .

7.3.1. Betti tables in special and generic fibres. In [9] syzygies and Betti numbers of graded R[w1, . . . , wg]-
modules are studied; the standard setting in the bibliography [16], [61] is forR to be a field, while the treatment
of [9] makes the more general assumption that the base is a discrete valuation ring. The results are applicable
to finitely generated graded modules over polynomial rings over discrete valuation rings, but the motivating
example was the relative canonical ring.

More precisely, let R be a discrete valuation ring with residue field k and quotient field L. We write S, Sk
and SL for the polynomial rings in g variables over R, k and L respectively, and consider a finitely generated
graded S-moduleM which is flat as anR-module. Flatness overR does imply that the generic fiberM⊗SL and
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the special fiberM ⊗Sk have the same Hilbert polynomial, however the Betti tables need not be the same. It is
well known that, even in the case of monomial ideals, the minimal free resolution depends on the characteristic
of the ground field, the classical example being the triangulation of the projective plane.

The syzygies and the Betti numbers of the SL-module M̂ and the Sk-module M are related. The study
of syzygies becomes automatically more challenging over S since the non-zero elements of the base PID R
may not be invertible and modules might have torsion, see [1, chap. 4] for a more comprehensive account see
also [64]. On the other hand simplicial homology over Z has been extensively studied and techniques have
been developed to account for that case and the different behavior over Q, [15]. The main result of [9] is the
following theorem, where the tij can be explicit computed using the Smith normal form.

Theorem 15. Let M be a finitely generated graded S-module which is flat as an R-module, Πi be the i-th
syzygy ofM and ti,j be the number of nonzero cyclic summands of Πi,j ⊗R, for i ≥ 0. Then

(1) βi,j(M) = βi,j(M), for i ≥ 0.
(2) βi,j(M) = βi,j(M̂) + ti,j + ti−1,j for i ≥ 1.

7.4. Deformation functors of representations. The deformation theory of representations of the general linear
group is a classical topic of study, see [49, prop. 1], [48, p.30], while deformation of representations inAutΓ[[t]]
corresponds to the local deformation functor in [12],[4].

The functors in these cases are given by

(7.1) F : Ob(C) 3 Γ 7→


liftings of ρ : G→ GLn(k)
to ρΓ : G→ GLn(Γ) modulo
conjugation by an element
of ker(GLn(Γ) → GLn(k))



(7.2) DP : Ob(C) 3 Γ 7→


liftings of ρ : G→ Autk[[t]]
to ρΓ : G→ AutΓ[[t]] modulo
conjugation by an element
of ker (AutΓ[[t]] → Autk[[t]])


G(Γ) R(Γ) tangent space action

GLg(Γ) Endg(Γ) Endg(k) =Mg(k) M 7→ Ad(σ)(M)

AutΓ[[t]] End(Γ[[t]]) k[[t]] ddt f(t) ddt 7−→ Ad(σ)
(
f(t) ddt

)
Table 1. Comparing the two group functors

This similarity was the motivation of [41], where both situations are unified. More precisely, let G : C →
Groups be a group functor, see [14, ch. 2]. In this article, we will be mainly interested in two group functors.
The first one, GLg, will be represented by the by the group scheme Gg = Λ[x11, . . . , xgg, det(xij)

−1], that is
GLg(Γ) = HomΛ(Gg,Γ). The second one is the group functor from the category of rings to the category of
groups N : Γ 7→ Γ[[t]].

We also assume that each group G(Γ) is embedded in the group of units of some ring R(Γ) depending
functorially on Γ. This condition is asked since our argument requires us to be able to add together certain
group elements. We also assume that the additive group of the ringR(Γ) has the structure of direct product ΓI ,
while R(Γ) = R(Λ) ⊗Λ Γ. Notice, that I might be an infinite set, but since all rings involved are Noetherian
ΓI is flat, see [46, 4F].

A representation of the finite group G in G(Γ) is a group homomorphism

ρ : G→ G(Γ),

where Γ is a commutative ring, and a deformation functor Fρ for any local Artin algebra Γ with maximal ideal
mΓ in C to the category of sets is defined as follows:

(7.3) Fρ : Γ ∈ Ob(C) 7→


liftings of ρ : G→ G(k)
to ρΓ : G→ G(Γ) modulo
conjugation by an element
of ker(G(Γ) → G(k))


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A comparison of these tow functors is given in terms of Petri’s theorem and the canonical ideal and a method is
given in order to reduce the complex deformation problem of curves with automorphisms to a better-understood
problem involving linear representations.

Unlike previous approaches that relied on the subtle and difficult automorphism group of formal power series
(e.g.,Aut k[[t]]), this article uses the general linear group (GL). The deformation of the curve is studied through
its canonical embedding X → Pg−1, allowing us to replace abstract cohomological constructions with linear
algebra and matrix computations.

A major result is [41, Th. 4], which provides a criterion for when an automorphism of a curve can be “lifted”
to its deformation:

Theorem 16. An automorphism σ of a curve X can be lifted to a deformation XA if and only if the canonical
ideal IXA

remains invariant under the action of σ. For small extensions of Artin rings, this lifting is possible
only if the linear canonical representation of the group G also lifts and the resulting ideal remains invariant
under that lifted action.

The article identifies specific conditions and obstructions related to these liftings:
• Obstruction to Lifting: It is shown that the lifting of a representation is a “strong condition” and provide
examples of representations in positive characteristic that cannot be lifted to characteristic zero.

• Compatibility Condition: A specific relationship is established between the cocycles derived from the defor-
mation of the curve and those from the deformation of its linear representations.

• Rank Criterion: A practical way to check if an action can be infinitesimaly lifted by examining the rank of a
specific matrix (FΓ′(σ)) constructed from the coordinates of the quadratic generators of the canonical ideal.

7.5. The generalized Oort conjecture. In [40] the lifting problem for modular representations of metacyclic
groups of the form G = Cq × Cm is investigated.

The group G, which is defined by generators σ (order m) and τ (order q = ph) with the following relation:
στσ−1 = τα for some integer α. The order of α must satisfy αm ≡ 1 (mod q). The prime-to-p part, Cm, has
an orderm that is coprime to p. The core of the paper is Theorem 1, which provides a necessary and sufficient
condition for a modular k[G]-moduleM to lift to an R[G]-module.

If the moduleM decomposes into a direct sum of indecomposable modules Vα(ϵi, κi) (where ϵ relates to the
action of σ and κ is the dimension), it lifts if and only if these modules can be partitioned into sets Iν such that:
• Capacity: The total dimension of each set of modules does not exceed q.
• Eigenvalue Consistency: The total dimension of each set must be 0 or 1 (mod m).
• Action Compatibility: The modules within each set must have “compatible” actions of σ. Specifically, the
eigenvalues must follow a “dynamical system” sequence where ϵσ(i+1) = ϵσ(i)α

κσ(i) .
Methodology: The “Dynamical System” Approach. A version of the Jordan normal form is developed for
endomorphisms of order ph over a local ringR. They show that the action of the group generator σ on an initial
basis element acts as an “initial condition”. This condition then recursively determines the action on the rest of
the module through a “dynamical system”.

Context and Applications Local Oort Conjecture: The research is motivated by the “local lifting problem,”
which deals with lifting group actions on formal power series rings. This is connected to the proof of the Oort
conjecture by F. Pop.

These results are applied in [39] in order to show that certain dihedral groups can not lift in characteristic
zero.
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